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Abstract: In this work we investigate the consequences of running gravitational coupling
on the properties of rotating black holes. Apart from the changes induced in the space-
time structure of such black holes, we also study the implications to Penrose process and
geodetic precession. We are motivated by the functional form of gravitational coupling pre-
viously investigated in the context of infra-red limit of asymptotic safe gravity theory. In
this approach, the involvement of a new parameter ξ˜ in this solution makes it different from
Schwarzschild black hole. The Killing horizon, event horizon and singularity of the computed
metric is then discussed. It is noticed that the ergosphere is increased as ξ˜ increases. Con-
sidering the black hole solution in equatorial plane, the geodesics of particles, both null and
time like cases, are explored. The effective potential is computed and graphically analyzed
for different values of parameter ξ˜. The energy extraction from black hole is investigated via
Penrose process. For the same values of spin parameter, the numerical results suggest that
the efficiency of Penrose process is greater in quantum corrected gravity than in Kerr Black
Hole. At the end, a brief discussion on Lense-Thirring frequency is also done.
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2I. INTRODUCTION
The problem of finding a consistent theory of quantum gravity remains to be the central
challenge in theoretical physics. During the past decades different approaches and perspectives on
this issue were developed, such as loop quantum gravity [1, 2], string theory [3, 4], and effective
approaches of modified gravity theories [5–7]. These attempts also addressed different more
specific problems of cosmology and astrophysics – including dark energy and dark matter problem,
the horizon problem, as well as the black hole physics and singularities of general relativity. All of
these problems are connected to the potential limitations of Einstein’s general relativity, and are
therefore important motivation and reference in the investigation of quantum gravity.
It is usually assumed that Einstein’s general theory of relativity is valid only as an effective theory
of gravity. According to this picture, general relativity can be taken as a correct description
of gravitational interaction only up to certain scales of energy and characteristic distances.
When they get comparable to Planck scale the theory is expected to break, and to be replaced
with a completely different physical model. This reasoning seems to be supported by the well
known fact that the Einstein-Hilbert action, leading to the field equations of general relativity,
is perturbative non-renormalizable [8]. However, Weinberg proposed a new nonperturbative
notion of renormalizibility which is called “asymptotic safety” [9], based on the existence of a
nontrivial fixed point in renormalization group, which makes the physical couplings of the theory
non-divergent. The basic assumption of Weinberg’s proposal was that gravity can meet this
criteria, and thus its description can be considered as a consistent field theory on all scales. A
review and discussion of attempts to prove the existence of this fixed point for gravity can be
found in [10].
In the perspective of research on quantum gravity, it is of special interest to consider the
consequences of the asymptotically safe gravity picture on the well known physical systems,
which are in principle also accessible to observations. Black holes are a good example of such
system, where the corrections to standard description of gravity could be important. Black holes
in asymptotically safe gravity were previously studied in [11–20]. In this work we continue the
investigation of black holes in asymptotically safe gravity, considering the rotating black hole
solutions, and focusing on the functional form of gravitational coupling inspired by the potential
infra-red limit of the theory, due to its observational relevance. Previous to this work the quantum
gravity effects in the Kerr spacetime were studied in [21], where the structure of horizons, the
ergosphere, the Penrose process and the static limit surfaces were investigated considering the
3generalization of gravitational constant to a general function of radial coordinate, G(r) – that
comes as a result of quantum effects. Our current work could be understood as a further extension
of the analysis performed in [21]. While focusing on a more specific setting of infra-red limit of
asymptotic safe gravity, we concentrate on a specific form of G(r) function, which now enables
us to obtain the concrete solutions for equatorial geodesics, Penrose process, and to analyze the
Lense-Thiring effect.
The study of geodesics for both null (photon) and time-like (massive) particles, has always
held a significant importance. The analysis of circular motion of particles in a curved space
time exhibits its geometrical behaviour. For some recent work on geodesics see [22]. For better
understanding of the technique used in this paper for the computation of geodesics of particles,
see [23]. The circular orbits and the associated orbits are then discussed in detail. The angular
velocity and effective potential are computed and graphically demonstrated.
Energy is a conserved quantity on the spacetime of stationary rotating black hole, due to
the existence of associated Killing vector, Kµ = ∂t, so that E = −Kµuµ, where uµ is a four-
velocity defined on some geodesic. At the asymptotic infinity both Kµ and uµ are timelike, so
that energy is always positive. However, Killing vector becomes null at the Killing horizon, and
spacelike inside the region known as ergosphere – which represents the space between the outer
event horizon and the Killing horizon of a black hole. It is therefore possible that energy becomes
negative quantity in the ergosphere of a stationary rotating black hole. This fact was used by
Penrose, who proposed a mechanism of extraction of energy from Kerr black hole. Starting from
a particle falling into black hole – which is of course defined by the positive energy – one can
consider the case where it decays in the ergosphere, into one particle carrying positive energy, and
the other particle carrying negative energy. Since the total energy needs to be conserved, if we
assume that the negative energy particle crosses the event horizon and the positive energy particle
leaves the ergosphere reaching the observer, its energy will be higher than the energy of the initial
particle (since it is the difference of the initial energy and the negative energy of the second
particle). In this work we will analyze the Penrose process considering the running gravitational
coupling, and also discuss the consequences on the maximal efficiency of Penrose process.
A rotational sphere with electric charge generates magnetic field. Similarly, it is expected that
4a rotating black hole, or a massive star, also produces “magnetic effect” of gravity according to
modern gravitational theory. Such phenomenon is known as Lense-Thirring effect which was firstly
proposed by Lense and Thirring in 1918 [24]. It can be shown that this effect is beyond Newtonian
gravity. In this work, we also investigate the Lense-Thirring effect for the rotating black hole
considering the varying Newtonian coupling. Our study found that the relevant properties are
determined by a, θ and M , and in particular, by the new parameter ξ˜.
The outline of this paper is established as follows. In section II, some already discussed concepts
are being outlined briefly. In section III, a black hole solution in IR regime with asymptotically
safe gravity theory is constructed, following with the comments on event horizon and singularity of
the computed rotating metric. In section IV, equatorial null and time-like geodesics of this black
hole are taken into account along with the discussion on effective potential. Section IV is on the
study of Penrose process. Section V gives a thorough description on Lense-Thirring effect, and we
summarize our findings in section VI.
II. A REVIEW
This section is actually a brief discussion on running Newton coupling which arise in the frame-
work of asymptotically safe gravity theory. Our main interest is in its infra red (IR) limit. A
quantum corrected Kerr metric is also recalled. The key point to mention here is that when quan-
tum corrections are applied to black hole spacetime, the system is modified, such that the Newton
constant G turns into a r-dependent running Newton coupling G(r) i.e.
G→ G(r).
A. The Running Coupling in Asymptotically Safe Gravity
The solution of the renormalization group (RG) equation for the running Newton coupling,
G(p), of the action (2) is computed in [25], using the one-loop correction:
G(p) =
GN
1 + ξp2GN
, (1)
where GN is Newton’s constant at classical level. For simplicity, the value of GN will be equated
to unity in rest of our analysis. Here ξ is also a coupling coefficient.
Cai and Easson broadened the study of black hole solution in safe gravity by considering higher
5derivative terms in their analysis [11]. They initiated their study by introducing an effective action
Γp[gµν ] =
∫
d4x
√−g
[
p4go(p) + p
2g1(p)R+ g2a(p)R2
+ g2b(p)RµνRµν + g2c(p)RµνσρRµνσρ +O(p−2R3) + ...
]
, (2)
where gµν represents metric tensor with g as its determinant, Ricci scalar, Ricci tensor and Riemann
tensor are denoted by R, Rµν and Rµνσρ, respectively, p is the momentum cutoff and gi (0, 1, 2a, ...)
are dimensionless running couplings satisfying the renormalization group (RG) equations, for ex-
ample:
g0(p) = − Λ(p)
8piGN (p)
p−4, g1(p) =
1
8piGN (p)
p−2,
d
d ln p
gi(p) = βi(g). (3)
Further, it was shown that for large values of radial coordinate r, the momentum cut-off goes
asymptotically small i.e. p ∼ 1/r; it may go below the Planck scale. Under this limit (so-called
Infra-red or IR), the running Newton coupling G(r) takes the form
G(r) '
(
1− ξ˜
r2
)
, (4)
for r  lPlanck, where ξ˜ differs from ξ by O(1) and has constant value, less than unity. For
more understanding of this running coupling, it is recommended to see [11]. Although the main
motivation of this form of G(r) comes from the potential IR limit of asymptotic safe gravity, we
note that the analysis performed in this work can be understood as more general and not only
limited to the asymptotic safety program, since the basic assumption of its validity is only that
the quantum effects can be described by the correction given in (4).
B. RG Improved Kerr Metric
The analysis of RG improved Schwarzschild metric is done in [26], and it was noticed that apart
from usual Schwarzschild horizon, the presence of a new horizon was noticed which, at critical
mass, coincides with the outer horizon. To understand the technique used for the computation of
RG improved Schwarzschild metric it is suggested to see [26]. With the help of similar analysis an
improved Kerr metric was suggested by Reuter and Tuiran [21]. In their analysis they considered
Newton’s coupling G to be r-dependent i.e. G = G(r). With this assumption they arrived at the
6improved Kerr metric form as
ds2 = −
(
1− 2Mr
Σ
G(r)
)
dt2 − 4aMr sin
2 θ
Σ
G(r)dtdφ+
Σ
∆
dr2 + Σdθ2 (5)
+ sin2 θ
[
r2 + a2 +
2a2Mr sin2 θ
Σ
G(r)
]
dφ2,
where ∆ = r2 − 2MrG(r) + a2 and Σ = r2 + a2 cos2 θ. Here a is defined as rotational parameter.
III. KERR METRIC IN THE INFRA-RED LIMIT OF ASYMPTOTICALLY SAFE
GRAVITY THEORY
Considering the running Newton parameter (4) in above metric, we reach to the form of im-
proved Kerr metric solution in asymptotically safe gravity in the infra-red limit. The metric is thus
given by
ds2 = −
(
1− 2Mr
Σ
(
1− ξ˜
r2
))
dt2 − 4aMr sin
2 θ
Σ
(
1− ξ˜
r2
)
dtdφ+
Σ
∆
dr2 + Σdθ2
+ sin2 θ
[
r2 + a2 +
2a2Mr
Σ
sin2 θ
(
1− ξ˜
r2
)]
dφ2, (6)
where ∆ = r2−2Mr+ 2Mξ˜r +a2. This metric reduces to its static and spherically symmetric version
when a → 0. For reader’s better understanding and to provide stronger grounds for the results
computed in rest of the sections, a detail derivation of metric (6), using the technique in [27], is
presented in appendix. In next sections we are going to take into account some other characteristic
behaviours of metric (6).
A. Event and Killing horizons
Modifications of the Kerr metric, that came as a result of the generalization of Lagrangian in
the framework of running gravitational coupling, also manifest in the properties of the black hole
horizons. In the Boyer-Lindquist coordinates the event horizon, rH , is given by the condition that
at r = rH hypersurface is everywhere null, or g
rr = 0. For the standard GR case it follows that the
Kerr black hole will have two solutions as long as M > a, while the case M < a leads to existence
of a naked singularity. This is however changed when one considers the modifications coming from
the spatial dependence of gravitational coupling. Now, the position of horizons is determined by
the cubic equation
r3 − 2Mr2 + a2r + 2Mξ˜ = 0. (7)
7Although the horizon equation now has three solutions, only two of them can be positive - so
there are no new horizons in this case. When compared to the horizons in the standard GR it
can be checked that Eq. (7) will tend to lead to smaller separation between the inner and outer
horizon. Moreover, the structure of black hole, described by its horizons, will now be changed and
will depend on the value of ξ˜ - determining if the horizons exist.
For a general polynomial of order three, the number and type of roots is determined by its
discriminant, D, so that for D > 0 there exist three real solutions, in the D = 0 case the solutions
are real and two of them are identical, while for D < 0 one solution is real and two remaining ones
are complex conjugated. The existence of horizons, which should of course be real and positive, is
then determined by ξ˜c for which D = 0. It follows that ξ˜c is given by
ξ˜c =
− (9M2a2 − 8M4)±√M2 (4M2 − 3a2)3
27M2
. (8)
We note that ξ˜c will be physically viable (real valued) as long as the standard GR condition M > a
is satisfied. Thus, for ξ˜ > ξ˜c there will be no horizons, and this case leads to a naked singularity.
For ξ˜ = ξ˜c there will be only one horizon (two identical positive roots), but this case is unstable
since addition of some small amount of matter will violate this condition. Finally, for ξ˜ < ξ˜c
the Kerr black hole will have one inner and one outer horizon. Since ξ˜c is given in general by
theoretical consideration of asymptotic correction to the GR, this discussion constraints possible
space of parameters for Kerr black hole that leads to physically realistic solutions.
The Killing horizon, being defined as the set of points where norm of the Killing vector
becomes null, KµKµ = 0, in the case of running gravitational coupling is given by the solution of
the following cubic equation
r3 − 2Mr2 + a2 cos2(θ)r + 2Mξ˜ = 0. (9)
The discussion for event horizons structure depending on parameter ξ˜ given above can also be
applied to the study of Killing horizons, with the replacement
ξ˜c =
− (9M2a2 cos2 θ − 8M4)±√M2 (4M2 − 3a2 cos2 θ)3
27M2
. (10)
The ergosphere, being the region between the outer event horizon and Killing horizon, is a region
of particular interest since it is related to potentially observable processes related to the Kerr black
8FIG. 1: Difference between the Killing horizon and outer event horizon, rerg , in the IR limit of quantum corrected gravitational
coupling, for the black hole defined by a = 0.9 and M = 1.
FIG. 2: Difference between rerg in the IR limit of quantum corrected gravitational coupling and GR which we label as ∆rerg .
The black hole is defined by a = 0.9 and M = 1.
hole, such as the extraction of energy via the Penrose process. It is therefore of special interest
to investigate what are the effects of the IR gravity modifications on the ergosphere surface. It
follows that the IR asymptotic safe modification typically increases the ergosphere region when
compared to the one in the standard GR, as we show in Figure (1–3). It can be seen that the
ergosphere surface tends to increase with the increase of parameter ξ˜. This in principle means
that the region from where it is possible to extract energy from black hole by axial accretion of
particles, via Penrose process, is bigger then in the GR for the equal parameters characterizing the
black hole. However, the practical significance of this result is limited by the fact that ξ˜ needs to
be a small parameter.
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FIG. 3: Graphs showing change in shape of inner/outer horizons (Red/Orange) and inner/outer ergo-spheres (Blue/Purple)
while the value of rotational parameter is a = 0.52, 0.9. Note that ergo-sphere increases as ξ˜ increases.
B. Curvature Singularity
An interesting characteristic of a black hole is its singularity, which can be defined mathemati-
cally when Kretschmann scalar K tends to infinity. For metric given by Eq. (6) the Kretschmann
scalar is
K =
M2Z(r, θ, a, ξ˜)
8(rΣ)6
, (11)
where
Z = 384r12 − 2560r10ξ˜ − a8ξ˜2 + 5888r8ξ˜2 + 4a2
(
−1440r10 + 4864r8ξ˜ + a6ξ˜2 − 1632r6ξ˜2
)
cos2 θ
− 2a4
(
−2880r8 + 1280r6ξ˜ + 3a4ξ˜2 − 64r4ξ˜2
)
cos4 θ + 4a6
(
−96r6 + a2ξ˜2 + 96r2ξ˜2
)
cos6 θ
+ 127a8ξ˜2 cos8 θ + a8ξ˜2 sin8 θ.
10
We observe poles at r = 0 and Σ = r2 + a2 cos2 θ = 0 from where we interpret that the singularity
exists at these points. The singularity associated with Σ constitutes a ring singularity analogous to
that of Kerr black hole [23]. However, we see that a new singularity, at r = 0, has also appeared.
This singularity can be traced to the form of IR correction to gravitational coupling (4). It therefore
follows that this singularity has no real physical significance since the approximation (4) break in
the region around r = 0 and equations (4) can no longer be applied. For a discussion of singularities
around r = 0 one would need to consider the UV limit of quantum corrections to gravitational
coupling, which is beyond the scope of this work.
IV. GEODESICS EQUATIONS IN EQUATORIAL PLANE
This section is on equatorial geodesics of rotating black hole solution including the effects of
corrected gravitational coupling. The Lagrangian, for this metric, in the equatorial plane (θ =
pi
2 , θ˙ = 0) is written as [23]
2L = −
[
1− 2M
r
(
1− ξ˜
r2
)]
t˙2 − 4aM
r
(
1− ξ˜
r2
)
t˙φ˙
+
r2
∆
r˙2 +
[
r2 + a2 +
2a2M
r
(
1− ξ˜
r2
)]
φ˙2. (12)
The generalized momenta are given by
pt = −
[
1− 2M
r
(
1− ξ˜
r2
)]
t˙− 2aM
r
(
1− ξ˜
r2
)
φ˙ = −E, (13)
pφ = −2aM
r
(
1− ξ˜
r2
)
t˙+
[
r2 + a2 +
2a2M
r
(
1− ξ˜
r2
)]
φ˙ = L, (14)
pr =
r2
∆
r˙, (15)
where dots over r, t and φ denote derivatives with respect to affine parameter τ . It can be easily
seen that Lagrangian does not depend on t and φ, therefore pt and pφ are conserved quantities.
The Hamiltonian is given by
H = ptt˙+ pφφ˙+ prr˙ − L. (16)
11
It takes the form
2H =
[
−
(
1− 2M
r
(
1− ξ˜
r2
))
t˙− 2aM
r
(
1− ξ˙
r2
)
φ˙
]
t˙ (17)
+
[
−2aM
r
(
1− ξ˜
r2
)
t˙+
(
r2 + a2 +
2a2M
r
(
1− ξ˜
r2
)
φ˙
)]
φ˙+
r2
∆
r˙2,
2H = −Et˙+ Lφ˙+ r
2
∆
r˙ = δ = constant, (18)
where Hamiltonian is constant as it is t independent and δ = −1, 0, 1 gives timelike, null and
spacelike geodesics respectively. Solving Eq. (13) and Eq. (14) yield:
t˙ =
1
∆
[(
r2 + a2 +
2a2M
r
(
1− ξ˜
r2
))
E − 2aM
r
(
1− ξ˜
r2
)
L
]
, (19)
φ˙ =
1
∆
[
2aM
r
(
1− ξ˜
r2
)
E +
(
1− 2M
r
(
1− ξ˜
r2
))
L
]
. (20)
On substituting Eq. (19) and Eq. (20) in Eq. (18), we get the radial equation of motion
r2r˙2 = ∆δ + r2E2 +
2M
r
(
1− ξ˜
r2
)
(aE − L)2 + (a2E2 − L2) . (21)
In the limit ξ˜ → 0, Eq. (21) takes the form of radial equation in the Kerr black hole case.
A. Null geodesics
In equatorial plane, the null geodesics are rendered when δ gets zero in Eq. (21), which then
becomes
r2r˙2 = r2E2 +
2M
r
(
1− ξ˜
r2
)
(aE − L)2 + (a2E2 − L2) . (22)
For convenience, introduce an impact parameter D = L/E in Eq. (22). Through this parameter
the angular momentum can be expressed in terms of energy. Two cases may arise here: either
D = a or D 6= a.
1. CASE (I); when D=a
As a particular case, consider D = a or L = aE. As a result of which Eq. (19), Eq. (20) and
Eq. (22) imply
t˙ =
r2 + a2
∆
E, (23)
φ˙ =
aE
∆
, (24)
r˙ = ±E. (25)
12
Notice here that when ∆ = 0 (at horizon), both t˙ and φ˙ go to infinity. This implies that t and φ
operate as ‘bad coordinates’ in the vicinity of horizon, but this singularity vanishes in Eq. (25),
the expression for r˙. Using above equations, the differentials of t and φ, with respect to r, are
computed as
dt
dr
= ±
(
r2 + a2
)
∆
, (26)
dφ
dr
= ± a
∆
, (27)
where + and − signs in Eq.s (25-27) stand respectively for the trajectory of outgoing and ingoing
photon.
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FIG. 4: The left panel represents the outgoing trajectory of photons with respect to time t. The solid line represents when
ξ˜ = 0.09 and dashed line is when ξ˜ = 0 i.e Kerr case. The values of parameters are a = 0.1 and M = 0.1 with the initial
condition r(0) = 10M . On the right panel the phase portret is depicted for the same parameters, where again the solid line
represents the case when ξ˜ = 0.09 and dashed line is when ξ˜ = 0. The fixed points are getting closer in the asymptotically safe
gravity, as opposed to the GR case where the fixed points are at maximum distance.
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FIG. 5: The left panel represents the outgoing trajectory of photons with respect to angle φ. The solid line represents when
ξ˜ = 0.09 and dashed line is when ξ˜ = 0 i.e Kerr case for the values of parameters a = 0.1 and M = 0.1 with the initial condition
r(0) = 10M . On the right panel the phase portrait is depicted for the same parameters, where again the solid line represents
the case when ξ˜ = 0.09 and dashed line is the GR case ξ˜ = 0. The fixed points are again getting closer in the asymptotically
safe gravity, in the contrast to the GR case where the distance between them is maximal.
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FIG. 6: Phase space portrait, dr/dt on the left panel and dr/dφ on the right, for different values of ξ˜, but for fixed parameters
M = 1 and a = 0.9. Clearly, the critical value for ξ˜ = ξ˜c represent the bifurcation point for which the fixed points do not exist
anymore.
The trajectory for outgoing photon is numerically solved and plotted in Figure (4) and Figure
(5) where the initial condition r(0) = 10M is imposed. It can be seen that there are no high
deviation from the GR counterpart in the trajectory r(t) as expected from small ξ˜, but from the
phase portrait, when dr/dt is considered as a function of r, the fixed points are getting closer to
each other by increasing ξ˜. Same are the results for the photon trajectory with respect to angle φ.
To get a qualitative description of equations (26) and (27) one can also easily analyze them in the
phase space for different values of ξ˜. It can be seen that there exists a bifurcation point for which
the two real fixed points vanish, and for this parameters the solution leads to a naked singularity,
the phase spaces are plotted in Figure (6).
2. CASE(II); when D 6= a
As a general case consider D 6= a, which consequently gives circular orbit r = rc of photon.
Introduce an impact parameter Dc = Lc/Ec. The radial equation (22) along with its derivative
takes the following form
r2c +
2M
rc
(
1− ξ˜
r2c
)
(a−Dc)2 +
(
a2 −D2c
)
= 0, (28)
rc − M
r2c
(
1− 3ξ˜
r2c
)
(a−Dc)2 = 0. (29)
Combining above two equations implies the following result
r2c − 3Mrc +
5Mξ˜
rc
± 2a
√√√√Mrc(1− 3ξ˜
r2c
)
= 0. (30)
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The real positive solution of the above equation will give circular photon orbit. For ξ˜ = 0, it
matches with circular photon orbit for Kerr black hole.
B. Time-like Geodesics
To investigate time-like geodesics, take δ = −1. Notice that equations for φ˙ and t˙ remain
unchanged, while Eq. (21) becomes
r2r˙2 = −∆ + r2E2 + 2M
r
(
1− ξ˜
r2
)
(aE − L)2 + (a2E2 − L2) , (31)
where E is now described as the energy per unit mass of the particle moving in a trajectory. Two
cases arise here, either L = aE, a special case, or L 6= aE, a general case which can lead us to
circular and associated orbits.
1. Special Case: when L = aE
Consider L = aE, Eq. (31) gives
r2r˙2 = r2
(
E2 − 1)+ 2Mr(1− ξ˜
r2
)
− a2, (32)
while t˙ and φ˙ are the same as for null geodesics. Integrate Eq. (32)
τ =
∫
rdr√
r2 (E2 − 1) + 2Mr
(
1− ξ˜
r2
)
− a2
. (33)
The above equation is somewhat hideous to solve analytically. Its numerical solution is plotted in
Figure (7). Again, as there are no high deviations from the GR case it could be more interesting to
analyze the phase portrait for each case. It can be seen that the fixed point is higher if the running
gravitational coupling is considered, compared to the GR counterpart. Also the phase space shows
higher deviations near the fixed point but asymptotically as r → ∞ the phase spaces coincide in
the two cases. The phase space diagram is also plotted in Figure (7) but on the right panel.
15
ξ˜=0.09
ξ˜=0
0.2 0.4 0.6 0.8 1.0 1.2 1.4
τ
0.6
0.8
1.0
1.2
1.4
r(τ)
0.1 0.2 0.3 0.4 0.5
r
-1.0
-0.5
0.5
1.0
dr
dτ
FIG. 7: The left panel represents the trajectory of a particle r(t), where the blue line represents the
asymptotically safe gravity case with ξ˜ = 0.09 and the red line represents the GR case ξ˜ = 0 i.e Kerr case.
The values of parameters are a = 0.1, M = 0.1 and E = 1.1 with the initial condition r(0) = 10M . On the
right panel the phase portrait is depicted for the same parameters, where the blue line is the phase diagram
for ξ˜ = 0.09 and the red line is the GR case where ξ˜ = 0, the solid line represents the positive square root
and dashed line the negative for each case. The fixed point is increased in the asymptotically safe gravity
(r∗ ≈ 0.285) from the GR case (r∗ ≈ 0.05).
2. General Case: when L 6= aE
To investigate the general case, again take into account the radial Eq. (31). By introducing the
reciprocal radius u = 1/r, the equation takes the form
F(u) = u−4u˙2 = E2 + 2Mu3
(
1− ξ˜u2
)
(aE − L)2 + (a2E2 − L2)u2
−
(
1− 2Mu
(
1− ξ˜u2
)
+ a2u2
)
, (34)
where u is the independent variable.
The task now is to compute the values of E and L for the circular orbit at the reciprocal radius
u = 1/r. Circular orbits exist when F(u) = 0 and F ′(u) = 0. Also, assume x = L − aE in Eq.
(34), to get
E2 −
(
1− 2Mu
(
1− ξ˜u2
)
+ a2u2
)
+ 2Mu3
(
1− ξ˜u2
)
x2 − (x2 + 2xaE)u2 = 0, (35)
M
(
1− 3ξ˜u2
)
− a2u+ 3Mu2x2
(
1− 5
3
ξ˜u2
)
− (x2 + 2xaE)u = 0. (36)
Solve Eq. (35) and Eq. (36), to reach to the following form
E2 = Mu3x2
(
1− 3ξ˜u2
)
+ 1−Mu
(
1 + ξ˜u2
)
, (37)
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2xaEu = 3Mu2x2
(
1− 5
3
ξ˜u2
)
+M
(
1− 3ξ˜u2
)
− x2u− a2u. (38)
Using Eq. (37) and Eq. (38), E is eradicated and the quadratic equation in x is obtained as
x4 u2
[
3Mu
(
1− 5
3
ξ˜u2 − 1
)2
− 4Ma2u3
(
1− 3ξ˜u2
)]
− 2x2u
[(
3Mu(1− 5
3
ξ˜u2)− 1
)(
a2u−M(1− 3ξ˜u2) + 2a2u(1−Mu(1 + ξ˜u2))
)]
+
[
a2 −M(1− 3ξ˜u2)
]2
= 0. (39)
The discriminant of the above equation is given by
D = 16a2Mu3∆u2, (40)
where ∆u = 1 + a
2u2 − 2Mu
(
1− ξ˜u2
)
. The calculations can be eased by considering
1− 3Mu
(
1− 5
3
ξ˜u2
)
− 4Ma2u3
(
1− 3ξ˜u2
)
= F+F−,
where
F± = 1− 3Mu
(
1− 5
3
ξ˜u2
)
± 2a
√
Mu3
(
1− 3ξ˜u2
)
.
The solution of Eq. (39) is then simply computed as
x2u2 =
∆uF± −F+F−
F+F− =
∆u −F∓
F∓ , (41)
where
∆u −F∓ = u
[
a
√
u±
√
M
(
1− 3ξ˜u2
)]2
.
Finally, we get
x = −
a
√
u±
√
M
(
1− 3ξ˜u2
)
uF∓ . (42)
Put Eq. (42) in Eq. (36), to get energy of the circular orbit
E =
1√F∓
[
1− 2Mu
(
1− ξ˜u2
)
∓ au
√
Mu
(
1− 3ξ˜u2
)]
, (43)
where upper and lower signs are respectively interpreted as prograde and retrograde orbits. Angular
momentum associated to the circular orbit is thus given by
L =
∓
√
M
(
1− 3ξ˜u2
)
√
uF∓
1 + a2u2±2au(1− ξ˜u2)√√√√ Mu(
1− 3ξ˜u2
)
 . (44)
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The angular velocity is computed using Eq. (19) and Eq. (20)
Ω =
φ˙
t˙
=
2aM
r
(
1− ξ˜
r2
)
E +
(
1− 2Mr
(
1− ξ˜
r2
))
L(
r2 + a2 + 2a
2M
r
(
1− ξ˜
r2
))
E − 2aMr
(
1− ξ˜
r2
)
L
,
which, by using reciprocal radius, can be reduce to the form
Ω =
[
L− 2Mux
(
1− ξ˜u2
)]
u2
(1 + a2u2)E − 2aMu3
(
1− ξ˜u2
) .
This can be simplified to the form
Ω =
∓
√
Mu3
(
1− 3ξ˜u2
)
1∓ au
√
Mu
(
1− 3ξ˜u2
) .
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FIG. 8: Angular velocity of prograde (left panel) and retrograde (right panel) motion of particles orbiting
in the equatorial plane of rotating black hole in asymptotically safe gravity, for the values of the parameters
as: M=1, ξ˜ = 0.07 (Red), 0.08 (Orange), 0.09 (Blue) and a = 0.4. Black (DotDashed) line shows ξ˜ = 0 i.e
Kerr case.
Thus the angular velocity in terms of r can be written, by using r = 1u , as
Ω =
∓
√
M
(
r − 3ξ˜r
)
r2 ∓ a
√
M
(
r − 3ξ˜r
) .
The graphical representation of angular velocity of particles is shown in Figure (8). The value
of Ω, for corotating (prograde) motion, first decreases but it increases with the increase in ξ˜ and
r. But for counter rotating (retrograde) motion, the particle’s angular velocity declines when ξ˜ is
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increased.
The time period is given by
T =
2pi
Ω
= 2pi
r2 ∓ a
√
M
(
r − 3ξ˜r
)
∓
√
M
(
r − 3ξ˜r
) . (45)
C. Effective Potential
To check the stability (or instability) of circular orbit of particles around the rotating black hole
in asymptotically safe gravity in IR regime, the effective potential is determined. Thus the equation
governing the effective potential of circular orbits, both for photons and time-like particles, is given
by [30]
E2 − 1
2
=
r˙2
2
+ Veff,
where effective potential is represented by Veff. The extreme value r = ro of the effective potential
is the solution of the equation
dVeff
dr
|r=ro = 0.
There must be present a minimum at the second derivative of effective potential i.e
d2Veff
dr2
> 0 which
gives stable circular orbits along with the condition that at circular orbit r = ro the particles initial
velocity must vanish i.e r˙ = 0. Following is the discussion on the effective potential of null and
time-like geodesics.
1. For Null Geodesics
For L = aE, the null geodesics is governed by radial equation r˙ = ±E, so the case sufficient to
consider here is when L 6= aE. In this case, the effective potential is thus given by
Veff =
1
2r3
[
− 2M
(
1− ξ˜
r2
)(
aE − L
)2
+
(
L2 − a2E2
)
r − r3
]
.
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FIG. 9: Plots showing behaviour of effective potential, for null geodesics, with respect to r. Here co-rotating (counter-rotating)
particles are shown by solid (dot-dashed) lines.
This effective potential is graphically presented in Figure (9). As one can easily see the presence
of minimum values in these plots which corresponds to the existence of stable points. Also note
that the behavior of Veff for both co-rotating and counter-rotating particles is quite different from
the Kerr case. Namely, the effective potential for Kerr black hole approaches negative infinity when
r → 0, while the effective potential for the rotating black hole with running gravitational coupling
approaches positive infinity when r → 0. This comes as a result of sign change for the leading order
in the potential for small r, which comes as a consequence of introducing the asymptotic correction
parameter ξ˜. However, it should be stressed that at very small distances IR will no longer be valid,
and the proper description should now be given using the UV limit of asymptotically safe gravity.
2. For Time-like Geodesics
By the use of Eq. (31), the effective potential for the time-like geodesics, both when L = aE
and L 6= aE, is computed respectively as
Veff =
a2
2r2
− M
r
(
1− ξ˜
r2
)
and
Veff =
−M
r3
(
1− ξ˜
r2
)(
aE − L
)2
+
L2 − a2
(
E2 − 1
)
2r2
− M
r
(
1− ξ˜
r2
)
.
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FIG. 10: Behaviour of effective potential for time-like geodesics, with respect to r, when L = aE. Black line shows ξ˜ = 0 i.e
Kerr case.
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FIG. 11: Behaviour of effective potential for time-like geodesics, with respect to r, when L 6= aE. Solid lines show counter-
rotating while dot-dashed lines show co-rotating particles. Black (solid/dot-dashed) line shows ξ˜ = 0 i.e Kerr case. In left
panel L is kept fixed (L = −2 and 2 for counter-rotating and co-rotating particles) while in right panel ξ˜ = 0.09 for different
values of L
For time like geodesics, when L = aE, the affect of ξ˜ on effective potential is shown in Figure
(10). These plots show existence of stable points for different values of ξ˜. Figure (11) shows
variation of ξ˜ and angular momentum L in effective potential. Here it is noted that for co-rotating
motion of the particle the depth of the potential well increases with increase in L while for counter
rotating motion, it decreases for increase in L. These graphs also show the existence of stable
points. As in the case of null geodesics, discussed previously, Kerr and the IR asymptotic safe
solution lead to different qualitative features of the effective potential when r → 0.
V. PENROSE PROCESS
We now analyze the Penrose process, taking into account the corrections to gravitational cou-
pling. Let us first note, that the modifications coming from the quantum effects leading to a
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r-dependent gravitational coupling were previously considered in the context of the Penrose pro-
cess in [21], where the running coupling of the following form was considered
G(r) =
G0r
2
r2 + ωG0
, (46)
where G0 is the classical Newton constant, and ω a positive constant. In [21] authors studied
the functional dependencies of tangential and dragging velocities in the Penrose process and
concluded that there exists a lowest possible mass for the Penrose mechanism when such running
gravitational coupling is considered. In our analysis this is related to the mass corresponding
to ξ˜c which enters in equation (8). In this work we will perform a similar analysis of the
Penrose process in the context of varying gravitational coupling, and further extend it by in-
vestigating the efficiency of Penrose process in this setting and comparing it with the classical limit.
As discussed in the introduction, utilizing the fact that energy in the ergoregion can be
negative, it is under suitable conditions possible to extract energy from the rotating black hole.
In this discussion we concentrate on the scenario where we have a massive particle entering the
ergosphere, and which moves along a timelike geodesic, carrying positive energy. This particle
then decays into two particles which are massless, one carrying negative energy, and the second
one with positive energy. The negative energy particle then falls into event horizon, while the
particle with a positive energy eventually leaves the ergosphere and reaches the observer. If this
decay happened at the turning point of the geodesic, where r˙ = 0, then from the radial equation
for equatorial geodesic it follows that
E =
1
r (r2 + a2) + 2a2M
(
1− ξ˜
r2
)[2aM (1− ξ˜
r2
)
L±
√√√√r2∆L2 −(r (r2 + a2) + 2a2M (1− ξ˜
r2
))
δr
]
, (47)
and alternatively angular momentum can be expressed as
L =
1
r − 2M
(
1− ξ˜
r2
)[− 2aM (1− ξ˜
r2
)
±
√√√√∆r2E2 +(1− 2M
r
(
1− ξ˜
r2
))
∆δr2
]
, (48)
where the following identity was used[
r2
(
r2 + a2
)
+ 2a2Mr
(
1− ξ˜
r2
)](
1− 2M
r
(
1− ξ˜
r2
))
= r2∆− 4a2M2
(
1− ξ˜
r2
)2
. (49)
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Now we can determine the condition under which energy and angular momentum will be negative.
In order that E < 0, L < 0 it follows
4a2M2
(
1− ξ˜
r2
)2
L2 > ∆
[
r2L2 −
(
r
(
r2 + a2
)
+ 2a2M
(
1− ξ˜
r2
))
δr
]
(50)
Using eq. (49) this can be written as[
r
(
r2 + a2
)
+ 2a2Mr
(
1− ξ˜
r2
)][(
1− 2M
r
(
1− ξ˜
r2
))
L2 −∆δr
]
< 0. (51)
It follows that E < 0⇐⇒ L < 0 requires the condition
r ≤ 2M
(
1− ξ˜
r2
)
+
∆δr2
L2
, (52)
so we confirm that this can happen only in the ergosphere.
We now come back to discussion of the decay of one initial massive particle to two mass-
less particles, carrying the energy of opposite signs. We take that initial energy is E0 = 1, and
energy of two particles is E1 and E2 respectively. Let then
L(0) =
−2aM
(
1− ξ˜
r2
)
+
√
2Mr
(
1− ξ˜
r2
)
∆
r − 2M
(
1− ξ˜
r2
) = α(0), (53)
L(1) =
−2aM
(
1− ξ˜
r2
)
−
√
r2∆
r − 2M
(
1− ξ˜
r2
) E(1) = α(1)E(1), (54)
L(2) =
−2aM
(
1− ξ˜
r2
)
+
√
r2∆
r − 2M
(
1− ξ˜
r2
) E(2) = α(2)E(2). (55)
Here α’s are some arbitrary functions relating angular momentum and energy. According to con-
servation of energy and momentum
E(1) + E(2) = E(0) = 1 (56)
and
L(1) + L(2) = α(1)E(1) + α(2)E(2) = L(0) = α(0). (57)
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Solving these equations we can obtain the energies of two created particles as
E(1) =
1
2
[
1−
√
2M
r
(1− ξ˜
r2
)
]
(58)
E(2) =
1
2
[
1 +
√
2M
r
(1− ξ˜
r2
)
]
. (59)
Then, if E(2) reaches the observer outside the black hole, and E(1) crosses the event horizon, the
gain in energy with respect to the original particle, as measured by the observer is
∆E =
1
2
[√2M
r
(1− ξ˜
r2
)− 1
]
= −E(1). (60)
We stress that the analysis above can simply be reduced to classical case of a constant gravitational
coupling, just by taking ξ˜ = 0. In order to study the maximal possible efficiency of Penrose process
one should consider the case with respect to which any reasonable physical realization will lead to
smaller values. The gain in energy will be bigger if the radial distance is smaller, so we consider the
extreme case of the event horizon r = rH . For simplicity, we can use for example black hole defined
by rH = M = 1 . For such black hole from the horizon equation it follows that ξ˜ =
1
2(1− a2). We
get that the maximal efficiency of Penrose process in this case is then given by
Effmax =
E0 + ∆E
E0 max
=
1
2
[1 +
√
2(1− ξ˜)] < 1.207, (61)
so we see that for a given black hole with the same fixed parameters rH and M in general relativity
and IR limit of asymptotically safe gravity, the efficiency of Penrose process will be smaller when
the effect of running gravitational coupling is considered. However, as noted earlier, in the quantum
corrected case the outer event horizon tends to be located at smaller r than in the standard general
relativity, for all other parameters staying the same. This fact can thus compensate the direct loss
coming from the corrective term in Eq. (60), and can even increase the efficiency above the one
characteristic for Kerr black hole in general relativity. We should stress that, from the astrophysical
perspective, a and M should be considered as real independent quantities defining the black hole
– actually given as initial conditions during the collapse of matter leading to black hole formation
– and that position of event horizon should be considered as a dependent quantity. Therefore,
it is more proper to compare rotating black holes with running Newtonian coupling and general
relativity for the same values of M and a, rather than rH . Taking M = 1 for simplicity, we show
that – in accord with the previous reasoning – for the same values of a the efficiency of Penrose
process will be greater when the IR corrections are introduced. This is demonstrated in Figure 12
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FIG. 12: Ratio between the efficiency of Penrose process in the IR limit of quantum corrected gravitational coupling and
general relativity, as a function of a and ξ˜, with M = 1.
where we show the ratio of efficiency of Penrose process in quantum corrected gravity and general
relativity as a function of a and ξ˜. However, it can be seen in Figure 13 – where we plot the
efficiency of Penrose process when IR correction is included, that the maximal possible efficiency
still basically stays confined within the region estimated in Eq. (61). Finishing the discussion on
Penrose process let us futher stress the comparison with the classical case. We have shown that for
a black hole with given values of outer event horizon and mass the efficiency of Penrose process will
be smaller in IR limit of quantum corrected general relativity than in the classical case. However, if
the values of a and M are taken as given, and they should in fact be considered as a more physical
input parameters since they are related to dynamics of the body from which the black hole can
be formed, than the outer event horizon will typically be smaller including the IR corrections, and
thus the efficiency can be even increased with respect to the one characterizing the classical case.
VI. LENSE-THIRRING FREQUENCY
The forms of electromagnetic equations and gravitational equations are very similar, so that the
gravito-electromagnetism [31] summarizes the weak field gravitational equations as the “Maxwell
Equations”. As we all know, a rotating sphere with electric charge can produce magnetic field, so it
is reasonable to believe that “magnetic effect” of gravitational field can be found in spacetime with
rotating massive sphere. In 1918, Lense and Thirring theoretically proposed Lense-Thirring effect
to describe the “magnetic effect” in gravitational field [24]. According to [32–35], the precession
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FIG. 13: Efficiency of Penrose process in the IR limit of quantum corrected gravitational coupling as a function of a and ξ˜,
with M = 1.
frequency vector of rotating black hole is given by
ΩLT =
1
2
ijl√−g
[
g0i,j
(
∂l − g0l
g00
∂0
)
− g0i
g00
g00,j∂l
]
. (62)
In this paper, from our metric, above result is rewritten as
ΩLT =
1
2
√−g
[(
g0φ,r − g0φ
g00
g00,r
)
∂φ −
(
g0φ,θ − g0φ
g00
g00,θ
)
∂r
]
(63)
ΩLT = Ω
θ∂θ + Ω
r∂r,
Ω2LT = grr (Ω
r)2 + gθθ
(
Ωθ
)2
. (64)
While in polar coordinates (where rˆ is the unit vector of direction r and θˆ is angular coordinate),
ΩLT is given by
→
ΩLT =
√
grrΩ
rrˆ +
√
gθθΩ
θθˆ. (65)
Therefore, for our black hole spacetime
Ωθ =
2aM
(
r2 − ξ˜
)(
a2r − 2Mr2 + r3 + 2Mξ˜
)
cos(θ)
r
(
r2 + a2 cos (θ)2
)2 (
r3 − 2Mr2 + 2Mξ˜ + a2r cos (θ)2
) ,
Ωr =
aM
[
r2
(
r2 − 3ξ˜
)
sin (θ)− a2
(
r2 + ξ˜
)
cos (θ)2 sin (θ)
]
r
(
r2 + a2 cos (θ)2
)2 (
r3 − 2Mr2 + 2Mξ˜ + a2r cos (θ)2
) . (66)
Therefore the magnitude of ΩLT is given by
ΩLT = ΩStrongLT = J
√
4r2
(
r2 − ξ˜2
)2
∆ cos (θ)2 +
(
r4 − 3ξ˜r2 − a2
(
r2 + ξ˜
)
cos (θ)2
)2
sin (θ)2
r2
(
∆− a2 sin (θ)2
)
Σ3/2
(67)
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FIG. 14: ΩstrongLT and ΩweakLT as functions of r for a = 1/5, 1/2, 1, where ξ˜ = 0.5, M = 1, θ = 0
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FIG. 15: ΩstrongLT and ΩweakLT as functions of r for θ = pi/2, pi/4, 0, where ξ˜ = 0.5, M = 1, a = 0.7
According to [32], in the weak field limit (which means r M), we expand above formula by M ,
so ΩLT in weak field is:
ΩweakLT =
J
r2Σ5/2
{
r2 cos (θ)2
[
4
(
r3 − rξ˜
)2
+ a2
(
3r4 − 8ξ˜r2 + 7ξ˜2
)
+ a2
(
r4 − 3ξ˜2
)
cos (2θ)
]
+a4
(
r2 + ξ˜
)2
cos (θ)4 sin (θ)2 + r4
[(
r2 − 3ξ˜
)2
+ 4a2ξ˜ cos (θ)2
]
sin (θ)2
}1/2
+O (M2)
(68)
We show the ΩLT = ΩLT (r) with various parameters in Figure (14), Figure (15) and Figure
(16).
The Figure (14) shows that Lense-Thirring effect is significantly increased as a is increased
because it is a rotating effect. On the other hand, according to the Figure (15), it is interesting
that the effect of ΩstrongLT is more outstanding at equator θ = pi/2 than the pole θ = 0, but the
effect of ΩweakLT is more outstanding at the pole θ = 0 than equator θ = pi/2. Finally, from Figure
(16), we find that Lense-Thirring effect in our rotating black hole spacetime is weaker than Kerr
spacetime as ξ˜ increases, so it means that it is more difficult to measure this effect in our metric,
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FIG. 16: ΩstrongLT and ΩweakLT as functions of r for ξ˜ = 0, 1/2, 1, where a = 0.7, M = 1, θ = 0
but we can compare the results of experiment to determine the value of ξ˜, and rotating spacetime
won’t be Kerr spacetime if ξ˜ 6= 0.
VII. DISCUSSION
In this work we have discussed in detail the properties of a rotating black hole solution consid-
ering the variation of gravitational coupling. This new metric is characterized by three parameters:
rotational parameter a, mass of black hole M and constant parameter ξ˜, describing the quantum
corrections. We have first discussed the consequences of running gravitational coupling on the
structure of event and Killing horizons. While doing so it is noted that ergosphere is significantly
increased when ξ˜ increases, which also depicts that the region of the black hole from which energy
can be extracted, through Penrose process, is bigger as compared to standard GR. It should be
kept in mind here that to avoid the whole system to get strongly coupled, Cai and Easson [11]
considered the value of coupling parameter ξ˜ to be less than unity, which limitized the practical
significance of our result. Further, particle’s motion is investigated by studying geodesics for both
null and time-like particles. For the case L = aE, the equations for outgoing photon trajectory are
numerically solved. By plotting these results, it is observed that,for small ξ˜, the photon trajectory
with respect to both time t and angle φ shows no high deviation from its GR counterpart. The
presence of a bifurcation point is also numerically analyzed, which leads us to existence of naked
singularity. Expressions of energy and angular momentum for time-like geodesics, depending on
r, are derived. Angular velocity Ω is computed and it is observed that for prograde motion Ω
increases when ξ˜ is increased but for retrograde motion it decreases with ξ˜. A detailed discussion
is made on effective potential also. It is graphically shown that the shape of potential barrier is
changed for different values of ξ˜. The extraction of energy is discussed by taking into account
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the Penrose process. We have demonstrated that for the same values of a the efficiency of Pen-
rose process will be greater in IR limit of quantum corrected gravity, while the maximum possible
efficiency of Penrose process will not be significantly changed. In the end, another effect called
Lense-Thirring effect is also explored. It is noted that this effect, being a rotational effect, depends
on the rotational parameter a. With the increase in the value of a Lense-Thirring effect shows
notable change when plotted.
VIII. APPENDIX
To compute a rotating black hole in asymptotically safe gravity, the method given in [27] is
subsequently adapted. We first consider a static and spherically symmetric metric given by [11]
ds2 = −A(r)dt2 + dr
2
B(r)
+ h(r)
(
r2dθ2 + r2 sin2 θdφ2
)
, (69)
where
A(r) = B(r) ' 1− 2M
r
(
1− ξ˜
r2
)
and h(r) = r2.
The algorithm, for metric’s computation, begins by transforming Boyer-Lindquist (BL) coordinates
(t, r, θ, φ) to Eddington-Finkelstein (EF) coordinates (u, r, θ, φ). So with the use of the following
coordinate transformation, in Eq. (69),
dt = du+
dr√
AB
,
a line element of the form
ds2 = −Adu2 − 2
√
A
B
dudr + h(r)dΩ2,
is obtained. This metric in terms of null tetrads is written as
gµν = −lµnν − lνnµ +mµm¯ν +mνm¯µ, (70)
where null tetrads are
lµ = δµr ,
nµ =
√
B
A
δµu −
B
2
δµr ,
mµ =
1√
2h
(δµθ +
ι˙
sin θ
δµφ),
m¯µ =
1√
2h
(δµθ −
ι˙
sin θ
δµφ).
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The first two null tetrads, l and m, are real vectors while m is complex and m¯ is conjugate of vector
m. These vectors are orthogonal, isotropic and normalized i.e they satisfy the following conditions
lµlµ = n
µnµ = m
µmµ = m¯
µm¯µ = 0,
lµmµ = l
µm¯µ = n
µmµ = n
µm¯µ = 0,
lµnµ = −mµm¯µ = 1.
Introducing complex coordinate transformations
u′ → u− ι˙a cos θ,
r′ → r + ι˙a cos θ,
where a is the rotational parameter. It is also assumed that due to these transformations the
functions A(r), B(r) and h(r) shift to F = F (r, a, θ), G = G(r, a, θ) and Σ = Σ(r, a, θ) respectively.
This leads to new null tetrads (dropping primes) as
lµ = δµr ,
nµ =
√
G
F
δµu −
G
2
δµr ,
mµ =
1√
2Σ
[(δµu − δµr )ι˙a sin θ + δµθ +
ι˙
sin θ
δµφ ], (71)
m¯µ =
1√
2Σ
[−(δµu − δµr )ι˙a sin θ + δµθ −
ι˙
sin θ
δµφ ].
With the help of Eq. (70) and Eq. (71), contravariant components of new metric are computed as
guu =
a2 sin2 θ
Σ
, guφ =
a
Σ
, gur = −
√
G
F
− a
2 sin 2θ
Σ
,
grr = G+
a2 sin2 θ
Σ
, grφ = − a
Σ
, gθθ =
1
Σ
,
gφφ =
1
Σ sin2 θ
.
Using the above contravariant components, the non-zero covariant components are
guu = −F, gur = −
√
F
G
, guφ = a sin
2 θ
(
F −
√
F
G
)
,
grφ = a
√
F
G
sin2 θ, gθθ = Σ, gφφ = sin
2 θ
[
Σ− a2
(
F − 2
√
F
G
)
sin2 θ
]
.
So new metric is
ds2 = −Fdu2 − 2
√
F
G
dudr + 2a sin2 θ
(
F −
√
F
G
)
dudφ+ 2a sin2
√
F
G
drdφ+ Σdθ2
+ sin2 θ
[
Σ− a2
(
F − 2
√
F
G
)
sin2 θ
]
dφ2.
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Finally, the EF coordinates are transformed back to BL coordinates. For this purpose the following
transformation is being used
du = dt+ λ(r)dr,
dφ = dφ′ + χ(r)dr,
where
λ(r) =
−a2 − k(r)
B(r)h(r) + a2
, χ(r) =
−a
B(r)h(r) + a2
, k(r) =
√
B(r)
A(r)
h(r),
with
F =
B(r)h(r) + a2 cos2 θ
(k(r) + a2 cos2 θ)2
Σ (72)
and
G =
B(r)h(r) + a2 cos2 θ
Σ
. (73)
Thus the rotating black hole solution in Boyer-Lindquist coordinates turns out to be
ds2 = −B(r)h(r) + a
2 cos2 θ
(k(r) + a2 cos2 θ)2
Σdt2 + 2a sin2 θ
B(r)h(r)− k
(k(r) + a2 cos2 θ)2
Σdtdφ+
Σ
B(r)h(r) + a2
dr2 + Σdθ2
+ Σ sin2 θ
[
1 + a2 sin2 θ
2k(r)−B(r)h(r) + a2 cos2 θ
(k(r) + a2 cos2 θ)2
]
dφ2.
Since A(r) = B(r), so k(r) = h(r). Comparison of Eq. (72) and Eq. (73) gives Σ = r2 + a2 cos2 θ.
Hence the rotational solution of black hole in an asymptotically safe gravity theory becomes
(ds)2 = −
(
1− 2Mr
Σ
(
1− ξ˜
r2
))
dt2 − 4aMr sin
2 θ
Σ
(
1− ξ˜
r2
)
dtdφ+
Σ
∆
dr2 + Σdθ2
+ sin2 θ
[
r2 + a2 +
2a2Mr
Σ
sin2 θ
(
1− ξ˜
r2
)]
dφ2,
where ∆ = r2 − 2Mr + 2Mξ˜r + a2. This metric reduces to its static and spherically symmetric
version when a→ 0. It is worth to be noted here that the above metric coincides exactly with the
one given in section II. This makes our results more reliable.
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